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Abstract

This article presents an exploratory study to find out whether high-ability secondary school
students in Singapore were able to deal with open mathematical investigative tasks. A class
of Secondary One (or Grade 7) students, who had no prior experience with this kind of
investigation, were given a paper-and-pencil test consisting of four open tasks. The results
show that these students did not even know how to begin, despite sample questions being
given in the first two tasks to guide and help them pose their own problems. The main
difficulty was the inability to understand the task requirement: what does it mean to
investigate? Another issue was the difference between searching for any patterns without a
specific problem to solve, and searching for patterns to solve a given problem. The
implications of these findings on teaching and on research methodologies that rely on
paper-and-pencil test instruments will also be discussed.
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Background

Mathematical problem solving is at the heart of the Singapore school mathematics
curriculum and it includes “a wide range of situations from routine mathematical problems to
problems in unfamiliar context and open-ended investigations” (Ministry of Education of
Singapore, 2000, p. 10). However, most mathematics teachers in Singapore are only familiar
with solving mathematical problems but they do not know much about mathematical
investigation. Whenever | talked to teachers about mathematical investigation, many of them
would look at me blankly and ask, “What is that?” (Yeo, 2008)

There are important thinking processes that can only be developed more fully when
students engage in mathematical investigation (see next section). If teachers do not know
what an investigation is, then they will not be able to develop these processes in their students
(Frobisher, 1994). Thus | embarked on a research study to investigate the current proficiency
in open investigation among secondary school students and to develop a teaching experiment
to help students improve on their competency in investigation so that teachers can adopt a
similar approach for their students. The original plan was to devise a paper-and-pencil test to
study the nature of processes in open investigation and the current proficiency among a large

sample of about 200 students (in width), and then design a teaching experiment based on the
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data collected to investigate the development of these processes among a small sample of
about 30 students (in depth).

The first problem was the construction of a suitable test. | conducted a small study
with a convenient sample of pre-service teachers to see if they could deal with open
investigative tasks that contained no specific problems but ended with the word ‘investigate’
(Yeo, 2008). As expected, most of them were unable to begin because they did not
understand the task requirement: what does the task want them to investigate? The
implication was that most secondary school students might also have difficulty starting. Thus
there was a need to modify the test instrument. If the students were given specific problems,
then this would not be open investigation. So I thought of the idea of giving guided questions
for the first two tasks and then no scaffolding for the last two tasks in the hope that students
would know how and what to investigate for the last two open tasks. The first task with the
guided question of finding as many patterns as possible was tried out on the same sample of

pre-service teachers and this time all of them knew what to do.

In this article, I will outline an exploratory study where a class of high-ability students
were given this test instrument in which the outcome was very surprising because most of the
students could not even start on the first guided task! It revealed an important difference
between a written test for open investigation and for problem solving, which has some serious
implications for future research in this area. The study also shed some light on the current
proficiency of Singapore secondary school students in open investigation.

Literature Review

Lee and Miller (1997) believed that “investigations, by their very nature, demand an
open-minded, multifaceted approach” (p. 6) and Bailey (2007) asserted that a mathematical
investigation is “an open-ended problem or statement that lends itself to the possibility of
multiple mathematical pathways being explored, leading to a variety of mathematical ideas
and/or solutions” (p. 103). Orton and Frobisher (1996) contended that mathematical
investigation must be open in the sense that it should not contain any specified problems for
students to solve, and so mathematical investigation involves both problem posing and
problem solving (Cai & Cifarelli, 2005). Although HMI (1985) stipulated that there is no

clear distinction between mathematical investigation and problem solving, it still ended up
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separating them into two distinct activities: investigation is divergent while problem solving
is convergent. Ernest (1991) also described problem solving as “trail-blazing to a desired
location” (p. 285), but investigation as the exploration of an unknown land. However, Evans
(1987) argued that if a student does not know what to do when faced with an investigation,
then the investigation is still a problem to the student. Pirie (1987) alleged that no fruitful
service would be performed by indulging in the ‘investigation’ versus ‘problem solving’
dispute, but | agree with Frobisher (1994) that this was a crucial issue which would affect
how and what teachers teach their students.

Yeo and Yeap (2010) attempted to resolve this issue by suggesting that the term
‘mathematical investigation’ has different meanings. Just as Christiansen and Walther (1986)
distinguished between a task and an activity, Yeo and Yeap (2010) asserted that investigation
can refer to the task, the process or the activity. For example, an open investigative task is the
Mathematical Investigative Task 3 shown in Figure 1 in the next section where no specified
problems are given in the task statement and so the task is open for students to pose any
problems to investigate; while a closed problem-solving task is the specific problem posed in
part (a) of the Mathematical Investigative Task 2 shown in the same figure. When students
attempt this kind of open investigative tasks, they are engaged in an open investigative
activity, and this is consistent with the distinction made by Christiansen and Walther (1986)
between a task and an activity. Thus an open investigative activity will involve posing and
solving problems.

Yeo and Yeap (2010) also contended that posing a problem to investigate means that
the student has not started the investigation, so there is a difference between investigation as
an activity and investigation as a process. An analogy is Polya’s (1957) four stages of
problem solving for closed problems or what is called problem-solving tasks in this article.
During the first stage, the problem solver should try to understand the problem before
attempting to devise a plan to solve it in the second stage. The third stage is carrying out the
plan while the fourth stage is looking back after solving the problem. Another analogy is
cooking. In order to cook (viewed as an activity), you need to prepare the ingredients before
the actual cooking process, and you need to scoop up the food onto a serving dish after
cooking. Similarly, in an open investigative activity, the students need to understand the task
and pose a problem to investigate before engaging in the actual process of investigation. After

the investigation, the students need to look back or they can pose more problems to
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investigate. Yeo and Yeap (2010) observed that the process of investigation usually involves
examining empirical data or specific cases, formulating and justifying conjectures, and
generalising. But these are the four core mathematical thinking processes advocated by
Mason, Burton and Stacey (1985) for solving closed problem-solving tasks. Hence, Yeo and
Yeap (2010) argued that investigation as a process can also occur when solving closed
problem-solving tasks. It is noteworthy that Jaworski (1994) also viewed an investigative
approach to mathematics teaching as involving specialising, conjecturing, justifying and
generalisation when she observed that “making and justifying conjectures was common to all
three [investigative] classrooms, as was seeking generality through exploration of special

cases and simplified situations” (p. 171).

However, there are some processes that students can develop more extensively in
open investigation than in closed problem-solving. For example, problem posing is one of the
primary foci of open investigation because students cannot start to investigate unless they
know how to pose a suitable problem, but students can solve a problem-solving task without
posing any problem. Another example is the difference, as suggested by the present study,
between searching for any patterns in an open investigation where there is no specific

problem to solve and searching for patterns to solve a problem-solving task.

Presently, there are a lot more research studies on problem solving than on open
investigation. But many of the latter (e.g. Ng, 2003; Tanner, 1989) only dealt with the general
benefits of investigation without examining in details the actual thinking processes that
students engage in when they do investigation. Therefore, there is a big research gap in
studying the processes in open investigation, even though open investigation is emphasised in
many school curricula, e.g. the Cockcroft Report in the United Kingdom (Cockcroft, 1982)
and the Australian national curriculum (Australian Education Council, 1991). Hence, there is
a need for more research in this area, and the present exploratory study is part of a bigger
research project to investigate the nature and development of processes in open investigation

with the purpose of informing teachers on how to cultivate these processes in their students.
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Methodology

It was decided that the sample should consist of high-ability students with no prior
experience in this kind of open investigation as | needed the high-ability students to provide
me with a wider range of possible thinking processes to plan for future research in this area.
Thus a convenient intact class of 29 high-ability Secondary One (or Grade 7) students from a
top secondary school in Singapore was selected. It is important to note that these students did
not belong to the Gifted Education Programme (GEP) because the latter were more likely to
encounter this type of investigation. This was further confirmed from a written survey
conducted at the end of the paper-and-pencil test where all the students in the sample wrote
that they had not seen this kind of open investigative tasks before. The written survey also
asked for the students’ Primary School Leaving Examinations (PSLE) score. Twenty of the
29 students (or 69%) had a PSLE score of 253 to 255 (i.e. they were in the top 1% of the
entire primary school cohort in Singapore), five students scored between 242 and 249, and

three students scored between 230 to 239. The last student did not write his score.

The written test consisted of four investigative tasks (see Fig. 1) to be completed
individually within one hour and thirty minutes. As explained in the first section, the first two
tasks had guiding questions while the last two tasks were more open. The first and third tasks
are on number patterns, while the second and fourth tasks are ‘word problems’ (i.e. problems
with a context) that have been made more open by asking students to investigate further. The

test was administered by me.
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Mathematical Investigative Task 1 : Fowsrs af @ Number

%° means 9 tultiplied by itzelf’ 5 tmes, 1e G =0x9x%x9xI=59049
Powers of 9 are 91, 92, 93, 94, 95, 96, etc.
Investizgate the powers of 9

For example, vou can investigate the following or you can posg your ovwn problems to
tnvestigals

{a) Find as many patterns as vou can about the powers of 9.

(k) Explain why these patterns occur.

(c) Do these patterns occur for powers of other numbers?

Mathematical nvesticative Task 2 Basketball Tournament

In a basketball tournament, each team must play aganst every other team once.
{a) How many matches wall there be if there are 20 teams mn the tournament?

(k) What elze do vou want to investigate? When vou pose a question to investigate,
write 1t down first.

Mathematical evesticative Task 3 Polite Numbers

Hatural numbers are posthive whole numbers: 1,2, 3,4, ...
Polite numbers are natural numbers that can be expressed as the sum of two or more
consecutive natural numbers. For example,
9=2434+4=4+5
11=5+46
18=3+4+5+6
Inwvestigate.

Mathematical Investizative Task 4: Amazing Race

In a 100-metre race, Al beats Bernard by 10 metres. The two boys plan to have
another race {where both bovs will still run at the same rate as before). Bernard
suggests that he should be given a head start: he wants to start 10 metres in front of the
start line while Ali still starts at the starting line. Howewer, Ali disagrees. He suggests
that he (Al will start 10 metres behind the start line while Bernard still starts at the
start line.

(a) Investigate whether there iz any difference between the two options.

{b) If vou are Bernard, suggest some other options to Al where vou will have a slight

advantage over him. (If you have a big advantage, Al will not race with you)

Figure 1: Mathematical Investigative Tasks for Test Instrument

Two types of scoring rubrics were developed: one to analyse how and the other to
analyse what students investigated. The rubrics were task-specific, so there were two rubrics
for each task, but the descriptors for each type of rubric were the same, except for the

exemplars. Table 1 shows the first rubric describing how students investigated Task 1. There
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were five levels. For example, in Level 1HO, the first number refers to the task number, the
letter H stands for How and the last number refers to the level. Although some students did
evaluate some powers of 9, they either did nothing after that or they could not even find the
simplest patterns, thus suggesting that they did not know how to investigate and so they
should be classified under Level 1H1. This is different from students who knew how to
investigate by evaluating powers of 9 and finding some patterns, which is Level 1H2. If
students did not realise that the patterns that they have discovered are just conjectures, then
they will be placed under Level 1H2. If they recognised that the observed patterns are
conjectures but did not test them, they will be classified under Level 1H3. The highest level
1H4 is reserved for students who try to test conjectures even if they are not be able to prove

or refute the conjectures.

Table 1
A Scoring Rubric to Describe How Students Investigated Task 1
. No. of
Level  Descriptors and Exemplars Students Percentage
1H4 Students knew how to investigate by testing conjectures and 0 0%
generalising.
1H3 Students knew how to investigate by formulating conjectures, 0 0%
i.e. they recognised that observed patterns were just
conjectures and might not be true.
1H2 Students knew how to investigate by examining empirical data, 14 48%
e.g. evaluating the numerical values of some powers.
1H1 Students did not know how to investigate but did something. 9 31%
For example:
o Students just wrote superficial or irrelevant things.
o Students just evaluated some powers and then did nothing
or could not even find the simplest patterns.
1HO Students did not write anything. 6 21%
Total 29 100%

Table 2 shows the second rubric which described what students investigated in the
first task. There were also five levels. If students investigated or found trivial patterns such as
‘powers of 9 are divisible by 9°, they will be placed in Level IW1 because this shows that
they did not know what to investigate. Levels 1W2 to 1W4 are for different complexities of
non-trivial patterns which students investigated or discovered. Wrong conjectures were also
included because the process of formulating conjectures was also important, even if the
conjectures turned out to be false. If a student discovered more than one pattern, then the

level of attainment was the level of the more complicated pattern. It is important to note that
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the patterns described in the scoring rubric were just exemplars and not all of them were
discovered by the students. A stratified sample consisting of about 10% of the students’
answer scripts was given to a former teacher, who had a Master’s degree in mathematics
education and experience in coding qualitative data, to grade. The inter-rater reliability of
88% was rather high, partly because these rubrics were not so complicated and partly because

enough exemplars were given in the descriptors.

Table 2
A Scoring Rubric to Describe What Students Investigated for Task 1

No. of

Level  Descriptors and Exemplars Students

Percentage

Az Students investigated or discovered very complicated patterns, 0 0%
which might be wrong. For example:
e  The last two digits of the powers of 9 repeat themselves
after 10 times.
e  The last two digits of the powers of other single-digit
numbers also repeats itself but after different numbers of
times.

1W3 Students investigated or discovered moderately complicated 1 3%
patterns, which might be wrong. For example:
e The last digit of the powers of other single-digit numbers
also repeats itself but after different numbers of times.
e When multiplying two powers of 9, the indices are added
together to give the index of the resulting power of 9 (law
of indices).
1W2 Students investigated or discovered non-trivial but simple 8 28%
patterns, which might be wrong. For example:
o Powers of 9 are odd.
The last digit of the powers of 9 repeats itself after 2 times.
Powers of 9 are divisible by factors of 9.
The sum of all the digits of powers of 9 is divisible by 9.
Odd powers of 9 contain at least one digit 9 and even
powers of 9 contain no digit 9 (the latter is false since 9'
contains one digit 9).

e 9" has n digits (which is false since 9% has 21 digits).

w1 Students did not know what to investigate but did something. 14 48%
For example,
e Students just wrote superficial or irrelevant things and did
not discover anything.
o Students investigated or discovered trivial patterns such as:
— Powers of 9 are divisible by 9 or are multiples of 9.
— When a power of 9 is divided by 9, the result is the
preceding power of 9.
— When the index of a power of 9 is increased by 1, the
new number is the same as multiplying the original
power of 9 by 9.

1W0 Students did not write anything. 6 21%
Total 29 100%

10
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Findings

Before analysing the students’ answers, it was worthwhile to describe what happened
in the classroom just after the start of the test. Within five minutes, five students raised their
hand and asked me what they were supposed to do for the first investigative task. I told them
to read the sample questions but they replied that they did not understand these questions.
Although | would very much like to explain the task requirement further, | refrained from
doing so, partly because the purpose of this test instrument was to see if the students knew
how and what to investigate when given this kind of open investigative tasks, and partly
because [ would not be the one administering the test and answering students’ questions if the
test was given to a large sample of students. | will now analyse how and what these students
investigated.

Mathematical Investigative Task 1: Powers of a Number
Table 1 in the previous section shows the number and percentage of students who

achieved each level for Task 1. Six students wrote nothing (Level 1HO), probably because
they did not understand what it meant to find any patterns. The workings of another nine
students showed that they did not know how to investigate. For example, four of them wrote
superficial stuff such as ‘the pattern is 91, 92, 93, 94, 95 which will continue’ or ‘96 =9 x 9 X
9 x 9 x 9 x 9’ without evaluating the powers; five of them did find the numerical values of
some powers of 9, but two of them just stopped there while the other three said that they
could not find any patterns, not even simple patterns such as ‘all the powers of 9 are odd’ or
‘the last digit alternates between 1 and 9°. In total, 15 out of the 29 students (or 52%) did not
know how to investigate by examining empirical data (Levels 1HO to 1H1). The remaining 14
students knew how to investigate, but there were no attempts to justify why the patterns
worked (Level 1H2). No students attained Levels 1H3 or 1H4.

Table 2 in the previous section shows that six students wrote nothing (Level 1WO0),
while 14 students wrote something but they did not know what to investigate, e.g. six of them
observed trivial patterns such as ‘powers of 9 are divisible by 9’ or ‘when a power of 9 is
divided by 9, the result is the preceding power of 9’ In total, 20 out of the 29 students (or
69%) did not know what to investigate (Levels 1WO0 to 1W1).

The remaining nine students were able to find some non-trivial patterns although most

of them (i.e. eight students) only investigated or observed rather simple non-trivial patterns

11
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(Level 1W2). It was surprising that only four students discovered that ‘the last digit alternates
between 1 and 9’ since this was one of the more obvious patterns. Two of these four students
also examined the last digit of powers of other numbers: one of them investigated powers of 6
and powers of 2, and concluded that powers of different numbers had their own patterns but
did not identify the patterns; the other discovered that ‘the last digit of powers of 4 is always
4’, but after evaluating the first few powers of 5, he concluded that ‘the pattern for powers of
9 does not apply to powers of 4 and powers of 5°. It seems that this student interpreted the
suggested problem at the end of the task statement, “Do these patterns occur for powers of
other numbers?” to mean whether the exact pattern for the last digit of powers of 9 applies to
powers of other numbers. He was unable to see beyond this specific pattern to the general
pattern that the last digit of powers of any number repeats itself. These two students were
classified under Level 1W2 instead of Level 1W3 because the latter level required the
students to be proficient in investigating the last digit of powers of other numbers but it was
doubtful that these two students knew what they were doing. None of the students
investigated the patterns for the last two digits (Level 1W4). Three students also discovered
that ‘the sum of the digits of powers of 9 is divisible by 9°, which was rather unexpected
because such pattern would not have existed if powers of 2, 4, 7 or 8 (with a period of 4 for
the repeating pattern) were used in Task 1 instead. One of the three students shed some lights

as to why he investigated the sum of the digits:

Student: As | have read a book on Maths, | remembered that the sum of the digits in each
number adds up to a multiple of 9.

Two of the above three students who discovered about the sum of the digits of powers
of 9 also investigated the sum of the digits of powers of 2 and powers of 3, and concluded
that the sum of the digits of powers of 3 is divisible by 3. The remaining student investigated
powers of 4, but stopped after evaluating 42 and 43. Therefore, only a total of five students
(or 17%) investigated powers of other numbers, including the previous two students who

examined the last digit of powers of other numbers.

There were also two wrong but interesting conjectures made by two other students.
One of them concluded that ‘odd powers of 9 contain at least one digit 9 but even powers of 9
do not contain any digit 9’. However, he based his finding on the first 10 powers of 9, but the
next even power of 9, 912, contains a digit 9. Another student believed that ‘9n has n digits’.

This student also stopped at the first 10 powers of 9, but 922 has 21 digits only. Both students

12
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did not realise that they could not generalise by looking at only a few cases without any

justification.

Only one student discovered a moderately complicated pattern (Level 1W3): a law of
indices which the class had not studied before. The working of the student also suggests that
he had not learnt this law from elsewhere because he wrote the following to describe what he

was doing.

Student: Trying to multiply the powers to see if they make out another power.

In the end, the student discovered that 9m x 9n = 9m+n. This finding was rather
similar to a research study conducted by Lampert (1990). During a series of lessons, a class of
fifth-grade students were investigating squares when they discovered some patterns in the last
digit of the squares. Lampert then made use of the students’ discoveries to extend the problem
to “What is the last digit of 547 64?7 74?” and later to “What is the last digit of 75? 76 77 78?”
The students were unsure of how to obtain 78 from 74. This eventually led to the discovery

that the indices should be added together when multiplying powers with the same base.

Mathematical Investigative Task 2: Basketball Tournament
This task had a guiding problem in part (a) and students were free to investigate

anything in part (b). Due to space constraint, it is not possible to provide the two scoring
rubrics for the task, so the main findings will be described instead. For part (a), 20 out of 29
students (or 69%) obtained the correct answer by using 19 + 18 + 17 + ... + 1 = 190. This was
not surprising since this was a common problem for primary school students, and 22 of these
students had indicated in the post-test survey that they had seen or solved this part-question or
a similar question. Of the remaining nine students, five made some careless mistakes while

four got the concept wrong by doing direct multiplication such as 20 x 19 = 380 matches.

For part (b), the issue was whether the students knew how and what to investigate
when no problem was given. In particular, did the students try to generalise? Three students
wrote nothing for part (b) while 15 students posed irrelevant or poor questions such as “how
many players score in one team?” or “how many players are there altogether if there are 11
players in each of the 20 teams?” The solution for the latter problem is just multiplication,
which is structurally different from the solution for part (a). In total, 18 out of the 29 students

(or 62%) were unable to pose relevant or good problems to investigate, despite the guiding

13
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problem in part (a). Of the remaining 11 students, 10 of them posed some relevant problems,
but not those that tend towards generalisation. For example, five students posed a similar
question as part (a), except that two changed the context while three changed the numbers.
For the latter, the three students stopped at the question without attempting to see if there was
any pattern that could lead to generalisation. Therefore, an overwhelming 28 out of the 29
students (or 97%) did not try to generalise. Only one student attempted some kind of
generalisation. He tried to find a pattern between the number of teams and the total number of
matches they had to play against each other. In a way, this was trying to generalise the total
number of matches for different numbers of teams, but he got part (a) wrong, meaning he just
took 20 teams x 19 matches per team = 380 matches, so his pattern in part (b) was also

incorrect.

Mathematical Investigative Task 3: Polite Numbers
This task had no scaffolding and students were expected to pose their own problems

to investigate. The structure of this task was more similar to that of Task 1 because both tasks
involved looking for any patterns. | will first look at how the students investigated. Four
students wrote nothing and six students wrote irrelevant or superficial things such as ‘if ¢ = 2
+ 3 +4 + 5, then we can find ¢ = 14’ or ‘what is the sum of 9 + 11 + 18?’ Nine students
started with some random natural numbers and attempted to express them as sums of
consecutive natural numbers to find out whether they are polite or to discover some other
patterns. In total, 19 out of the 29 students (or 66%) did not know how to investigate by
systematically listing the sums of consecutive natural numbers to sieve out the polite numbers
or to discover other patterns. For the remaining 10 students, only three explained why their
conjectures were correct while one proved that his conjecture was wrong based on a counter

example.

I will now look at what the students investigated. Four students wrote nothing, and
nine students wrote incorrect trivial results such as ‘the polite numbers kept on increasing
from 9 to 11 to 18 and could not decrease’ (which was false). Another six students observed
trivial patterns such as ‘all numbers cannot be polite numbers’ and ‘to find the next polite
number for say, 6=1+2+ 3, justadd 4,i.e. 1 +2+ 3 +4 =10 (but 10 is not the next polite
number after 6). In total, 19 out of the 29 students (or 66%) did not know what to investigate.
For the remaining 10 students, four investigated which numbers are polite or impolite, e.g.
two of them found out that ‘all odd numbers are polite but not all even numbers are polite’.

[All odd numbers except ‘1’ are polite.] Another five students tried to find a pattern for

14
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successive polite numbers that are sums of two (or three) consecutive numbers, e.g. one of
them proved that ‘the difference between successive polite numbers that are sums of two
consecutive numbers is always 2, and the difference between successive polite numbers that
are sums of three consecutive numbers is always 3’. The last student tried to find out ‘whether
a bigger number can be expressed as a sum of consecutive numbers in more ways than a
smaller number’ since one of the examples given in the task was expressed as a sum in two
ways (this is called the degree of politeness), but unfortunately, he misinterpreted what polite
numbers were because his sums were sums of distinct natural numbers and not consecutive
numbers. None of the students examined more complicated patterns such as the difference
between successive polite numbers that are sums of more than three consecutive numbers, nor

attempted to find a pattern for impolite numbers.

Mathematical Investigative Task 4: Amazing Race
The usual phrasing of a similar closed problem-solving task for this question is to find

out which person will win the race given a scenario. But to make the closed problem-solving
task into an open investigative task, two options were given in part (a) and students were
asked to investigate the difference between the two options; and for part (b), students were to

think of some other options for the race which they could investigate.

For part (a), it was very surprising that three students wrote that the difference
between the two options was that Bernard was 10 m in front of the start line in the first option
while Ali was 10 m behind the start line in the second option, which was exactly what the
task stated! Equally surprising was one student who argued that there was no difference
between the two options since the distances of the two runners from the start line were both
10 m, i.e. it did not matter to this student that one runner was starting 10 m after the start line
while the other runner was starting 10 m before the start line! Nine other students said that the
difference between the two options was the different distances that the runners had to run, i.e.
both runners needed to run 10 m more in the second option than in the first option. In fact,
three of these nine students said that Ali would have to use up more energy to run the longer
distance of 110 m in the second option. Another student claimed that there was no difference
because Bernard had to run 10 m less than Ali in both options. Four other students did not
write anything. In total, 18 out of the 29 students (or 62%) did not realise that the crucial
difference between the two options was how they would affect who would win the race.

Another two students said that there was no difference without giving any reason, so it was

15
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not possible to judge whether they knew this crucial difference or not. Of the remaining nine
students, seven reasoned wrongly that both options would end in a draw, and only two
students were able to argue correctly that the first option would end in a draw while Ali
would win in the second option. In other words, only two out of the 29 students (or 7%)

answered part (a) correctly.

For part (b), 11 students wrote nothing. Another 11 students suggested a trivial option
to investigate, e.g. four of them wanted Bernard to run 10 m before Ali starts running, but this
was the same as Bernard starting 10 m after the start line which was the first option stated in
part (a). Another five students wanted the faster runner Ali to run on the outer lane of a
curved track with both starting at the same start line and ending at the same end line, but it
was puzzling that these five students wrote that Ali would have more distance to run and yet
they still called it a 100-m race or a 100-m curved track. Anyone who has watched athletic
meets on TV can tell you that 100-m races are always on the straight portions of the track
while the starting points for 400-m races are different for all the runners precisely because of
the curved track. In total, 22 out of the 29 students (or 76%) did not know what to investigate
for part (b). The remaining seven students were able to suggest a non-trivial option for the
race. One of them suggested the faster runner to reduce his speed by a certain amount and so
you have to recalculate who will win the race. Another claimed it was fair that the faster
runner should start 5 m behind the start line while the slower runner should start 5 m after the
starting line. Two other students wanted the faster runner to start 10 m after the starting line,
while the slower runner to start 20 m after the start line. The last three students suggested
giving the slower runner a head start of a certain timeframe such as two or three seconds, but
one of the three students recommended a few minutes’ head start! The latter did not seem to
have a sense of how long it would take to run 100 m. In fact, two other students drew a 100-m
oval track for part (a), suggesting that they might not have any idea how long the oval tracks
in a stadium were. It seems that some of these students were not able to connect the real

world to school mathematics.

Post-test Written Survey
Seventeen students (or 59%) commented in the post-test written survey that the test

was difficult. Of these 17 students, only three of them said that the challenge was good for

them while the rest did not state explicitly whether they viewed the difficulty positively or
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negatively. However, another six students wrote very negative comments about the test, three

of which were reprinted below.

Student 1: | feel it is pretty useless and a waste of my time.

Student 2: I think I am going to fail. I think that I am going to be scolded as I don’t
know how to do the questions as it is so #[1!!@ing hard. | think that [the test] was good as
it help [sic] me to find out that I’m dumb.

Student 3: Boring, Very Uninteresting, No motive to complete, time wastes [sic] Can
be improve [sic] a lot.

Nevertheless, there were six positive comments, including the three who said that the
difficulty was good for them. Only three of these comments were reproduced below.

Student 4: This test was fun and I enjoyed myself. It was fun to investigate and |
would not mind another test.
Student 5: It is very challenging. It requires your brain and your knowledge and

experience. Like, have you come across this sum before? I think | would like to practice
some questions like this. It helps us to exercise our brains.

Student 6: It was interesting. But there should have been more time given as the
questions were quite challenging.

Discussion

The data analysis shows that most of the high-ability students in the present study did
not know how and/or what to investigate. The first problem is the failure to understand what
it means to investigate. Even when sample problems were given in Task 1, many of them still
did not know what to do. This may be because the suggested problem about finding as many
patterns as possible about powers of 9 was too general for the students. In Singapore, students
are familiar with solving specific problems by looking for patterns, e.g. Task 2(a), but looking
for any patterns without having a problem to solve had confounded many students in this
study. It seems that the absence of a specific problem results in the students’ inability to
understand the task requirement, thus resulting in 52% of the students not knowing how to
investigate and 69% of the students not knowing what to investigate for Task 1. The students
also fared badly in the other three tasks: 62% were not able to pose relevant or good problems
to investigate in Task 2(b) despite the guiding problem in part (a); 66% did not know how to
investigate by systematic listing in Task 3; and 76% did not know what to investigate in Task
4(b).

The second problem is the inability of most of the students to pose their own problems
to investigate. Students in Singapore are familiar with solving problems but they are seldom

tasked to pose their own problems to solve. Krutetskii (1976) argued that there is a problem
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that ‘naturally follows’ from the given task, and he found that high-ability students were able
to pose it directly but low-ability students were not able to do so unless they were given hints.
However, most of the students in the present study were not able to do so. For example, 86%
did not try to discover a pattern in the last digit of powers of 9 in Task 1; 97% did not attempt
to find a general formula for the number of matches in Task 2; 86% did not try to find out
which numbers in Task 3 are polite or impolite; and 62% were unable to investigate the
crucial difference between the two given options in Task 4(a). There may be another reason
why some of these students did not pose non-trivial problems to investigate. Mason et al.
(1985) was concerned that some students may pose only problems that they can solve. In the

present study, a student stated this intention explicitly:

Student: I think I constructed [sic] a simple investigation that can be solved easily.

Although the other students did not write this explicitly, this may be a real issue
because in traditional classrooms, the goal is to obtain the correct answer and getting stuck is
usually considered a drawback. So there may be a tendency for some of these students to pose

trivial problems that they can solve easily.

If many of the high-ability students in the present study did not know how and what to
investigate, then average and low-ability students may encounter even greater difficulty in
such written tests on open investigation although there may be exceptions. This suggests that
the current level of proficiency in open investigation among Singapore secondary school
students is very low. Although further research is needed to substantiate this, it is not
advisable to continue using this kind of paper-and-pencil test for other students because it
may result in more students hating open mathematical investigation, judging from the many

adverse reactions from the students in the current study.

Implications for Research and Teaching

Open mathematical investigation and closed problem solving are indeed very
different. For the former, students without prior experience do not know what the task
requirement is and so they cannot even start; for the latter, although students may not know
how to solve the problems, they can at least start trying because they know the goal is to solve
the problems. For problem solving, simpler problems can be included at the beginning to give
the students some confidence before giving the more difficult problems, but for open

investigation, it is not easy to make the tasks simpler. Instead of the word ‘investigate’, a
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more specific question ‘find as many patterns as possible’ in Task 1 was still too general for
the high-ability students in this current study to understand the task requirement; and a
sample problem in part (a) of Task 2 also did not help these students to know what to
investigate for part (b). As a result, the more guided investigative Tasks 1 and 2 did not help

the students to understand the task requirement of the more open investigative Tasks 3 and 4.

Therefore, this poses a serious dilemma for researchers on how they can assess
students’ current level of competency in open investigation. It is unethical to give a paper-
and-pencil test to a large group of students after knowing that this may cause many of them to
loathe open investigation. Even for research using a teaching experiment with a small group
of students, it will not be surprising if the students perform significantly better in the written
post-test than in the pre-test, as this is the consequence of the students not understanding the
task requirement in the pre-test, and not necessarily because the teaching experiment is

effective in developing the various thinking processes in open investigation.

Hence, it is necessary to rethink how to measure the efficacy of a teaching experiment
in open investigation. One suggestion is not to begin with a pre-test but with a familiarisation
programme so that students know what it means to investigate when given an open
investigative task. Once the students have understood the task requirement, they can then be
given a paper-and-pencil pre-test, followed by a teaching experiment with the aim of
developing in students the many different processes in open investigation. In this way,
students may not perform significantly better in the post-test if the teaching experiment is not
effective in cultivating these processes in the students; but any significant difference between
the pre-test and the post-test can then be attributed to the effectiveness of the teaching

experiment.

Teachers may know that students need to be taught how and what to investigate when
given open investigative tasks, but they may think that students can cope with questions
asking them to find as many patterns as possible. The present study has revealed that students
may have great difficulty finding any patterns when there is no specific problem to solve,
unlike finding patterns to solve a specific problem. So there is still a need for teachers to

teach their students how to search for any patterns.
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Conclusion

We learn not only from the success of a research study. In fact, we can learn valuable
lessons from the failure of the paper-and-pencil test on open investigation in the present
study. For example, the current study has shed some light on the inadequacy of a pre-test on
open investigation that is administered before a teaching experiment, or a stand-alone written
test on open investigation as a research methodology, although a similar test instrument for
closed problem solving can still work quite well. Therefore, there is a need to rethink whether
we should measure students’ current or initial level of competency in open investigation

before any teaching experiment.

The present study has also revealed the low level of proficiency in open investigation
among secondary school students in Singapore. Since there are valuable processes that can
only be developed more fully in open investigation, such as problem posing and searching for
any patterns to understand the underlying mathematical structures, then Singapore students
should be exposed to this kind of investigation, but local teachers may not be ready to teach
this since most of them do not understand what open investigation is (Yeo, 2008). Moreover,
further research needs to be done to find out more about the nature and development of
processes in open investigation so as to inform teachers on how to plan and design suitable

open investigative tasks and teaching strategies to develop these processes in their students.
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